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Abstract 
Beckers, M. and A. Haegemans, The construction of three-dimensional invariant cubature formulae, Journal of 
Computational and Applied Mathematics 35 (1991) 1099118. 
A method of constructing three-dimensional cubature formulae of high degree for three-dimensional regions is 
presented. The formulae possess full polyhedral symmetry. This means that every knot of the formula belongs to 
an orbit invariant with respect to the symmetries of the polyhedron and that all points of an orbit are knots of 
the formula with the same weight. 
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1. Introduction 
We are concerned with the construction of three-dimensional cubature formulae for some 
three-dimensional regions. In other words, we will determine the knots (xi, y,, z,) and the 
weights w, in a cubature formula 
5 Yf(% Y,, z,), (1) 
/=I 
which is an approximation of 
/// w(x, Y, z)f(x, Y, z) dx dv dz = I[f]. (2) R 
A cubature formula that is exact for all polynomials of degree G m, but not for all polynomials 
of degree m + 1, is said to have degree m. The knots and the weights of a cubature formula of 
degree m have to satisfy a system of nonlinear equations. To reduce the number of equations, we 
impose a full polyhedral symmetry on the formula. Using this symmetry and polynomials that 
are invariant under the symmetry, the system of equations reduces to a set of subsystems 
analogous to what we find in one-dimensional quadrature. 
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2. Extended polyhedral groups 
Let G be a finite group of linear transformations acting on the finite-dimensional vector space 
V over a given field K of characteristic 0. n designates the dimension of V. Let (J be a linear 
transformation acting on the n-dimensional vector space I/. u is a reflection e CT fixes a 
(n - 1)-dimensional hyperplane 7~ and (J is of finite order greater than 1. 7~ is called the 
reflecting hyperplane of u. G is a finite reflection group acting on V/o G is a finite group 
generated by reflections on I/. In three dimensions there exist only three reflection groups of 
regular polyhedra: 
_ the extended tetrahedral group of order 24: G,; 
_ the extended octahedral group of order 48 (also for the cube): Go; 
_ the extended icosahedral group of order 120 (also for the dodecahedron): G,. 
The set of points g(a), where a E V is fixed, and g runs through all elements of a group G, is 
called a G-orbit containing the point a. 
Normally, a G.-orbit consists of 24 points at the same distance from the origin. Starting from 
a special point, a Gr-orbit can contain fewer points. We distinguish five types of orbits. Each 
type has in addition to the radius Y two parameters k and 1. 
_ type 4 : 24 points (k and I arbitrary); 
- type 3 : 12 points (k arbitrary, I= 0); 
_ type 2: 6 points (k = - 36, I= 0); 
- type 1 : 4 points (the tetrahedron, k = I = 0); 
_ type 0 : 1 point (the origin). 
For the other polyhedral groups we make an analogous distinction: 
(a) the seven types of orbits of the group Go: 
_ type 6 : 48 points (k and 1 arbitrary); 
- type 5 : 24 points (k arbitrary, I= 0); 
_ type 4 : 24 points (k = 1 arbitrary); 
_ type 3 : 12 points (k = I = i&f); 
_ type 2 : 8 points (the cube, k = I = $6); 
- type 1 : 6 points (the octahedron, k = I= 0); 
- type 0 : 1 point (the origin). 
(b) the six types of orbits of the group G,: 
_ type 5 : 120 points (k and I arbitrary); 
_ type 4 : 60 points (k arbitrary, I= 0); 
- type3:30points(k=Z=O); 
_ type 2 : 20 points (the dodecahedron, k = 0, I= a/(37), with r = i(l + 6)); 
_ type 1 : 12 points (the icosahedron, k = 0, 1= 6/ fi); 
- type 0 : 1 point (the origin). 
3. Invariant polynomials 
Let D be a subset of V, L? is invariant with respect to the group G e g( 52) = A2 for any g E G. 
Let B(x) be a function on V. B(x) is invariant with respect to the group G * 8( g( x)) = 19(x) for 
any g E G and x E V. When 19(x) is a polynomial function, 0(x) is called an invariant 
polynomial with respect to G. 
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Polynomials pI( x), . . . , p,(x) are called algebraically dependent, if there is a polynomial p in I 
variables with complex coefficients, not all zero, such that p( pl( x), . . . , p,(x)) = 0. Otherwise, 
PI(X), . . ., pr( x) are called algebraically independent. 
By far the most convenient description of the invariant polynomials of the group G is a set 
PlY..., p, of invariant polynomials with the property that any invariant polynomial is a 
polynomial in p,, . . . , pt. Then pl,. _. , pt is called an integrity basis (or a polynomial basis) for 
the invariant polynomials of G. Each polynomial pi, 1 < i d I, is called a basic invariant 
polynomial of G. Of course, if I > n (the dimension of V), there will be polynomial equations, 
called syzygies, relating pl,. . . , p,. 
Theorem 1. Let G be a finite reflection group acting on the n-dimensional vector space V over a field 
K of characteristic 0. The invariant polynomials of G have an integrity basis consisting of n 
homogeneous elements which are algebraically independent over K. 
This theorem has been proved in [3]. 
Theorem 2. Let G be a finite group acting on the n-dimensional space V. Let pl,. . . , p, be 
homogeneous polynomials forming an integrity basis for the invariant polynomials of G. Let 
dl,..., d, be the respective degrees of PI,. . . , p,,. Then 
2 (dl-l)=r, 
r=l 
where t is the number of linear transformations in G and r is the number of reflections in G. 
Theorem 3. Let G be a finite reflection group acting on the n-dimensional vector space V. Let 
PI,..., p,, be homogeneous polynomials of respective degrees d, < . . . < d, forming a basis for the 
invariants of G. d,, . . . , d, are independent of the chosen basis p,, . . . , p,,. 
Proofs of these theorems can be found in [7]. 
Theorem 1 tells us that there are three basic invariant polynomials for the polyhedral groups 
generated by reflections. 
Using Theorem 2, Theorem 3 and the results of [4], we obtain the following degrees for the 
basic invariant polynomials: 
_ the extended tetrahedral group: 
d, =2, d,=3, d,=4, 
_ the extended octahedral group: 
d, =2, d, =4, d,=6, 
_ the extended icosahedral group: 
d, =2, d,=6, d, = 10. 
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To compute the basic invariant polynomials of the extended polyhedral groups, we used 
[4,10,11]. The sets of basic invariant polynomials are given by: 
(1) the group G,: 
PT2 =x2 + y2 + z2, 
PT3 = - gL3 + y%ql’- $x”z - jy2z + 23, 
pT4 = $fix’z - yfi xy2z + $x4 + Yx’y’ + qx2z2 + $y” + $y222 + 24; 
(2) the group Go: 
PO2 =x2 + y2 + 22, 
PO4 = xy + y2z2 + 22x2, 
PO6 
= x2y2z2; 
(3) the group G,: 
P,, = x2 + y2 + z2, 
PI6 = 4x2yzz2 + ; (x’y” +y2z4 + z’x”) - 7( x”_Y’ +y4z2 + z4x2), 
PI10 = Js( x4 + y4 + z4 - 2x2y2 - 2y2z2 - 2z2x2) 
x2y2z2 + ; (x”y’ + y4z2 + z”x’) - T2( x’y” + y2z4 + z’x”) . 
1 
4. Invariant cubature formulae 
We compute the points (x,, y,, z,) and the weights IV, in a cubature formula 
E W,f(X;, Y,, z;L 
/=1 
which is an approximation of 
(6) 
JJI w(x, Y, z)f(x, Y, z> dx dy dz = r[f]. (7) R 
A cubature formula is said to be invariant with respect to the group G, if (a) the domain of 
integration R and the weight function w( x, y, z) are invariant with respect to G, (b) the set of 
knots is a union of G-orbits, where the knots of one and the same orbit have the same weight. 
Theorem 4. Let the formula (6) be invariant with respect to G. In order that the formula (6) will be 
exact for ail polynomials of degree < m it is necessary and sufficient that (6) is exact for all the 
polynomials of degree < m, which are invariant with respect to G. 
This theorem has been proved in [12]. 
We define a basic rule operator Qi(k, 1, r) as 
Q,(k, 1, r)f= Ef(x,, Y,, z,), r=jxj2+y;+z,?, 
J=l 
(8) 
M. Beckers, A. Haegemans / Three-dimensional cubature formulae 113 
where the sum runs over the N; different points of an orbit of type i. For each extended 
polyhedral group the values of k and I determine the type of orbit (cf. extended polyhedral 
groups); in other words, they determine the value of i: 
i=l ,...,4 for G,, i=1,...,6 for Go, i=l ,..., 5 for G,. 
A choice of i determines sometimes the values of k and 1, but not always. The value of N, is 
entirely determined by the type of orbit. 
We search for cubature formulae of the form 
m M 
‘ifI = C C W;jQ;(kij, ‘,j> r,j)f+ wof(O, 0, O), (9) 
r=l j=l 
where m = 4, 5 or 6 for G,, G, and Go, respectively. M, is the number of orbits of type i, each 
orbit is fully determined by k,,, I,, and rij, and w,, is the corresponding weight. 
5. Setting up the system 
We want to construct a cubature formula of a certain degree m. Imposing that the cubature 
formula is exact for all invariant polynomials up to degree m leads to a nonlinear system. The 
equations of this system show that the cubature formula integrates exact all the polynomials 
which constitute a basis for the invariant polynomials up to degree m. We describe such a basis 
{ p,(x)}. The function value of a polynomial p,(x) is the same for all points of a G-orbit, 
because p,(x) is an invariant polynomial for the group G. Since the points of an orbit lie on the 
surface of a sphere with radius r and our invariant polynomials are homogeneous, the function 
value of pj( x) for the orbit is proportional to rd, where d is the degree of pj( x). 
For an invariant polynomial p of degree d the basic rule operator is reduced to 
Q,(k, 1, r)p=a,f’. ( 10) 
Here a, is the product of N, and the function value of p for one point of an orbit with radius 1. 
Taking (9) and (10) of the basic rule operator into consideration, the following form is 
obtained for an equation of the nonlinear system: 
m M, 
C C +,ajjl;c:+woao=I[p], 
i=l j=l 
(11) 
where p is an invariant polynomial. 
If the degree of the invariant polynomial p is zero, then 
a0 =p(O, 0,O). 
In all other cases a, = 0. 
Different orbits of the same type can appear in a cubature formula. For the types of orbits for 
which the values of k and I are fixed, the radius is the only unknown. For such types the 
different orbits have the same coefficient a,,. Setting up the system we wish to gather all the 
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terms with the same coefficient in one term. We introduce the following notation: 
i 
with A, = a,,. 
j i 
Observe that, for the types of orbits for which not only the radius, but also k and/or 1 are still 
unknowns, the coefficient a ;, , associated with each orbit, is a function of k and/or 1. 
Nevertheless we use the same formalism, but we indicate dependency of k and/or 1 in the 
coefficient A;. By doing so we get A;(k) or A;( k, I), indicating dependency of k only or of both 
k and 1. 
The total system of equations can be separated in a set of subsystems, so that every subsystem 
of the set consists of the equations resulting from invariant polynomials of the same degree. 
Choosing a particular basis for these invariant polynomials of the polyhedral group, we try to 
give every system an upper-triangular form. This is not always possible due to the fact that some 
coefficients of the equations are functions of k and/or 1. But after choosing values for these k’s 
and l’s we apply Gauss-elimination to get the systems into an upper-triangular form. 
More details can be found in [1,2]. We illustrate these ideas with an example. 
Example 5. For G, (the extended icosahedral group) we get the following system of equations, 
when we integrate all invariant polynomials in the chosen basis up to degree 9: 
w. + 124 + 2OW, + 3ow, + 6OW, + 12ow, = m,, 
W,Rf +: W,R; + : W,R2, + 5W,R2, + lOW,R: = m,, 
W,R; + 5 W,R4, + : W,R’: + 5W,R4, + lOW,R; = m2, 
W,R; + $ W,R6, + $ W,R6, + 5W,R6, + lOW,R6, = m3, 
W2R~+~W3R~+$a(k,)W,R6,+f&;b(k,, I,)W,R6,=m,, 
(13) 
W,R; + $ W,R8, + 1 W,R8, + 5W,Rs, + lOW,R8, = m5, 
W,R~+~W,R~+$a(k,)W,R~+%b(k,, l,)W,R!=m,, 
with 
a(k) = 5k2(1 - k2)(fik2 - T) + 1, 
b(k, /) = $(T2k2 - L2)(( 72 + 1)12 + k2 - l)( r2(1 - I’) - k2( T2 + 1)) + 1. 
6. Constructing a cubature formula 
We want to construct a cubature formula of a certain degree m, which is invariant with 
respect to one of the extended polyhedral groups. We have to consider all the equations, 
corresponding to the invariant polynomials up to degree m, which are in the basis for that group. 
Before we explain our method of constructing formulae, we have to give the following 
remarks. 
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_ For the types of orbits, for which k and/or 1 are still unknowns, there is a possibility to make 
several columns out of one type by varying the value of k and/or 1. 
~ In the first place we want to construct a cubature formula with a number of knots as small as 
possible. For that reason we ordered the types of orbits by increasing number of points. This 
means also that we can easily try to construct a cubature formula with more knots, when we take 
more types of orbits or more orbits of one type or another type of orbits with more points than 
explained in our method. 
The number of types of orbits will be equal to the highest number of equations of the same 
degree, without taking into account the origin. Suppose we have 4 types of orbits. We solve the 
equations as follows. 
- We take into account only the first q + 1 columns of the left-hand side of the equations. 
- We separate the equations which have only a term in WqRG. Usually these equations can be 
solved. 
~ For the other equations in which a term in WqRi appears, we replace these terms by the 
solutions and we move the result to the right-hand side of the equations. 
- We apply successively the same procedure to calculate the solutions for the orbits of type 
q - 1, the orbits of type q - 2,. . . , the orbits of type 1. 
_ The origin appears ( w0 # 0) in the cubature formula if the total number of equations is odd, in 
the other case w0 = 0. 
More details of solving the system are also given in [1,2]. 
Example 6. Using system (13) we construct a cubature formula of degree 9 invariant with respect 
to G,. System (13) has 7 equations: 1 equation of degree 0, 1 of degree 2, 1 of degree 4, 2 of 
degree 6 and 2 of degree 8. The total number of equations is odd and the highest number of 
equations of the same degree is 2. Consequently the origin is a point of the cubature formula and 
the number of types of orbits is 2. Thus, following the above procedure we need only the first 3 
columns of the left-hand side of the equations. Consequently, system (13) reduces to the 
following system: 
w, + 12wi + 2ow, = m,, (14.1) 
WIRf+$W2R;=m,, (14.2) 
WIR;+$W2R;=m2, (14.3) 
W,Rf+%W,R6,=m,, 
(14.4) 
W,R6,= m4, 
W,Rf+$W,Rt=m,, 
W,R; = m6. 
(14.5) 
(14.6) 
(14.7) 
Using equations (14.5) and (14.7) we calculate W, and R,. Because there are only 2 equations, 
we have one orbit of type 2 ( W, = w2 and R, = r2). We fill in the obtained values in the other 
equations. 
Disregarding equation (14.1), there remain 4 equations. The number of equations is even, 
consequently we have, for the unknowns of index 1, a system analogous to what we find in 
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one-dimensional Gauss-quadrature. We have to use at least 2 orbits of type 1. Based on the 
notation in (12) we get, by choosing 2 orbits of type 1, 
FV,RT = wilr;l + w&*. 
This gives 
W,,Q2, + w&j; = m, - $w2r22 = /.&o, 
w,,rP, + wr2rp2 = m2 - $w2r24 = p,, 
w,,rf, + w,2r,62 = m3 - $w2r$ = p2, 
w,,r,“, + w12r:2 = m5 - $w,r,” = p3. 
Substituting 
IV,* = w,,r:, and R*=r2 1 11, 
W2* = w12rf2 and R*=r2 2 127 
we get a system like that we find in one-dimensional Gauss-quadrature: 
w,* + w,* = po, 
W,*Rr” + W,*R; = pL1, 
W,*RP2 + W2*RT2 = p2, 05) 
W,*RT3 + W2*RT3 = pg. 
. RF and RiJ are the zeros of the polynomial x2 + a,x + u2, a, and a2 are the solutions of the 
following system of linear equations: 
PO + /-%a, + LL2a2 = 0, 
/-$ + p2% + p3”2 = O. 
The weights WI* and W,* are determined from any two (say the first two) equations of system 
(15). 
w. can finally be determined from the equation 
wo=mo - 12( wl* + Wi2) - 2ow2. 06) 
In this way we have constructed invariant cubature formulae, which also have some other 
properties. In the first place we have searched for minimal and good minimal cubature formulae. 
Both notions are defined in [9]. Due to the upper-triangular form of the systems of equations of 
the same degree, the structure of the possible minimal cubature formula of a degree d is very 
clear. In the case we did not find a cubature formula with that structure or when the minimal 
cubature formula is not a good formula, we used the tables of [9] for Go and the table of [8] for 
G, to search for the other possible structures for a cubature formula of degree d. These 
structures use of course more knots. 
Nevertheless, to find a solution for the resulting system of nonlinear equations is a very 
complicated task. And what is more, everything is still possible with such systems: there can be 
no real solution, an infinite number of solutions or something in between. 
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7. 
_ 
Results 
We construct cubature formulae for 
T3: the tetrahedron with vertices 
the following regions. 
+), (-3&o, +) 
and with weight function w(x, y, t) = ffi. (Only for the symmetry group Gr.) The centroid of 
this tetrahedron is at the origin. 
_ C,: the cube {(x, y, z): - 1 d x d 1, - 1 < y < 1, - 1 < z < l} with weight function 
w(x, y, z) = i. (Only for the symmetry group Go.) 
_ S,: the sphere {(x, y, z): x2 +y* + z2 < 1) with weight function w(x, y, z) = 3/(4n). 
_ Ej’: the entire three-dimensional region with weight function 
w(x, y, z> = - 
-(X*+y2+;2) >e . 
717r 
_ El: the entire three-dimensional region with weight function 
Results obtained for these regions are written down in [1,2]. Since then we have obtained a few 
new results: 
(1) 
(2) 
(3) 
Formulae invariant with respect to G,. 
(a) Cubature formulae of degree 9 with 64 points; all knots lie inside the tetrahedron, but 
there are still a few negative weights. 
Formulae invariant with respect to Go. 
(a) For the cube. 
- We have not found new formulae; reference [6] contains a lot of formulae of degree 7, 9 
and 11 for this region. 
_ Dunavant [5] has found a number of formulae of degree 1 until 19. But from degree 7, 
all the formulae have a great disadvantage: for each formula there is at least one knot 
outside the cube. These formulae also have much more knots than the possible minimal 
cubature formulae, of which the structure is given in [9]. 
(b) For the sphere. 
- Formulae of degree 11 with 82 points; but there are knots outside the sphere. 
_ Formulae of degree 11 with 83 points; all knots lie inside the sphere, but the weight of 
the origin is negative. 
- Good formulae of degree 11 with 84 points (all knots are inside and all weights are 
positive). 
(c) For El*. 
~ Cubature formulae of degree 13 with 127 points; there 
(d) For Ei. 
are a few weights negative. 
- Good cubature formulae of degree 11 with 82 points. 
- Cubature formulae of degree 13 with 127 points; there 
Formulae invariant with respect to G,. 
(a) For the sphere. 
are a few weights negative. 
- A cubature formula of degree 13 with 145 points; all knots lie inside the sphere and all 
weights are positive, except the weight of one orbit of 20 knots. 
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